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Abstract: This paper investigates algebraic properties of bicomplex matrices via their idempotent decomposition. After presenting the necessary preliminaries, we 

establish several results concerning fundamental matrix operations. In particular, it is shown that the transpose, cofactor, determinant, and adjoint of the idempotent 
components coincide with the corresponding operations applied component-wise.  Key structural properties of adjoint matrices are derived, including the relation 

adj. (𝐴𝐵) = adj. (𝐵) adj. (𝐴), along with the preservation of Hermitian structure in each idempotent component. The concepts of singular and strictly singular 
bicomplex matrices are introduced and characterized with illustrative examples. Notably, a bicomplex matrix is singular if and only if its adjoint is singular. Further 

results on products of bicomplex matrices are obtained, providing conditions under which zero products imply singularity. The notion of orthogonal bicomplex matrices 

is also introduced and examined. It is shown that their determinants belong to the set {1,−1, 𝑖, −𝑖}, and that this class is closed under multiplication. Moreover, 
idempotent component matrices are shown to be orthogonal. 

These findings enhance the structural understanding of bicomplex matrices and provide a foundation for further developments in bicomplex linear algebra. 

1. Introduction 
The theory of bicomplex numbers has attracted considerable attention due to its rich algebraic structure and its connections with complex and hypercomplex analysis. 

As an extension of complex numbers, bicomplex numbers provide a natural framework for studying higher-dimensional algebraic systems. In recent years, this 
framework has been increasingly explored in various areas of mathematics, particularly in linear algebra and operator theory. 

Matrices over bicomplex numbers, known as bicomplex matrices [2,3,8], form an important class of objects that extend many classical concepts from real and complex 

matrix theory. However, due to the presence of zero divisors and the non-trivial algebraic structure of bicomplex numbers, several properties of matrices require careful 
reinterpretation. One of the most effective tools in this context is the idempotent decomposition, which allows bicomplex matrices to be expressed in terms of simpler 

components and facilitates the study of their structural properties.Motivated by these considerations, the present work focuses on the investigation of algebraic properties 
of bicomplex matrices through their idempotent components. In particular, we analyze fundamental matrix operations such as transpose, cofactor, determinant, and 

adjoint, and examine how these operations behave under idempotent decomposition. Furthermore, we introduce the notions of singular and strictly singular bicomplex 

matrices and provide their characterizations with suitable examples. Several results concerning adjoint matrices and products of bicomplex matrices are established, 
highlighting conditions under which singularity arises. In addition, the concept of orthogonal bicomplex matrices is developed and studied, along with some of their 

fundamental properties.This study is carried out in a systematic manner and is expected to provide a useful foundation for future research in bicomplex linear algebra 

and related areas.The structure of this paper is as follows. In 1, we introduce the essential background and preliminary concepts. 2 is devoted to the main results of the 
study, where new findings concerning bicomplex matrices and their structural characteristics are developed. 3 contains conclusion part. 

Background and Essentials 

This section presents the essential preliminary material in an organized way. Important symbols, properties, and results related to bicomplex numbers and matrices are 
collected here, along with key distinctions between the structure of bicomplex space and that of the usual complex space. 

The system of bicomplex numbers was originally introduced by Corrado Segre in 1892 [12], where it was shown to form a commutative algebra over the field of real 

numbers. Bicomplex numbers can be regarded as a natural extension of complex numbers, while hyperbolic numbers arise as a special case when 𝑥1 = 0 = 𝑥2 in their 
real representation. Their algebraic features are both fundamental and useful [10]. 

Although the bicomplex algebra is commutative, it contains zero divisors, implying that multiplicative inverses do not exist for every nonzero element. In contrast, 
quaternion algebra is a division algebra, where every nonzero element is invertible, but multiplication is not commutative. This sharp algebraic distinction plays an 

important role in the development of analytical frameworks for these structures [5,6,7]. 

The commutative nature of bicomplex numbers therefore distinguishes their algebra from that of quaternions in a fundamental way [11]. 
Definition 1.1 (Bicomplex numbers:).  A bicomplex number may be expressed as 

𝜙 = 𝑥1 + 𝑖1𝑥2 + 𝑖2𝑥3 + 𝑖1𝑖2𝑥4, 
where all 𝑥𝑖 are real, 1 ≤ 𝑖 ≤ 4, and the imaginary units satisfy 𝑖1

2 = 𝑖2
2 = −1 together with 𝑖1𝑖2 = 𝑖2𝑖1. 

The notation ℂ2 denotes the set of all bicomplex numbers, while ℂ1 and ℂ0 represent the sets of complex and real numbers, respectively. The bicomplex space ℂ2 

admits three equivalent and widely used representations: 

 
These are referred to as the real form, complex form, and idempotent form of  ℂ2, respectively. Since ℂ2 contains zero divisors, it does not constitute a field; however, 

it forms a commutative modified algebra over ℂ1 with a suitably norm [9]. The space ℂ2 has exactly four idempotent elements: 0,1, 𝑒1, 𝑒2. The two nontrivial idempotent 

elements are given by 

𝑒1 =
1 + 𝑖1𝑖2

2
, 𝑒2 =

1 − 𝑖1𝑖2
2

. 

They satisfy 𝑒1𝑒2 = 0 = 𝑒2𝑒1, (𝑒𝑖)
𝑛 = 𝑒𝑖 for 𝑖 = 1,2, and 𝑒1 + 𝑒2 = 1, 𝑒1 − 𝑒2 = 𝑖1𝑖2 . Moreover, 𝑒1 and 𝑒2 are linearly independent elements of ℂ2 over ℂ1. 

Any bicomplex number 𝜙 = 𝑟1 + 𝑖2𝑟2 can be uniquely written using the idempotent basis {𝑒1, 𝑒2} as 

𝜙 = (𝑟1 − 𝑖1𝑟2)𝑒1 + (𝑟1 + 𝑖1𝑟2)𝑒2. 
The quantities (𝑟1 − 𝑖1𝑟2) and (𝑟1 + 𝑖1𝑟2) are referred to as the idempotent components of  𝜙, and are denoted by 𝜙− and 𝜙+, respectively. Hence, 𝜙 can be expressed 

in the form 𝜙 = 𝜙−𝑒1 + 𝜙+𝑒2, where 𝜙− = 𝑟1 − 𝑖1𝑟2 and 𝜙+ = 𝑟1 + 𝑖1𝑟2. This convention follows the notation of Prof. R.K. Srivastava [13]. 

Remark 1.2.  The algebraic operations of addition and multiplication in ℂ2 are most effectively expressed through the idempotent decomposition. In particular, for 

𝜙,𝜓 ∈ ℂ2, we obtain 
𝜙𝜓 = (𝜙−𝜓−)𝑒1 + (𝜙+𝜓+)𝑒2,

𝜙 + 𝜓 = (𝜙− + 𝜓−)𝑒1 + (𝜙+ + 𝜓+)𝑒2.
 

It is worth noting that the product of two bicomplex numbers may also be written in terms of their complex components as 

                                                          𝜙𝜓 = (𝑟1 + 𝑖2𝑟2)(𝑤1 + 𝑖2𝑤2)  
                                                          = (𝑟1𝑤1 − 𝑟2𝑤2) + 𝑖2(𝑟1𝑤2 + 𝑟2𝑤1) 
 

 

Furthermore, Scalar multiplication is defined component wise in the idempotent basis: 
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Moreover, scalar multiplication acts component wise on the idempotent expansion: 
𝛼 ⋅ 𝜙 = 𝛼 ⋅ (𝜙−𝑒1 + 𝜙+𝑒2)

= 𝛼𝜙−𝑒1 + 𝛼𝜙+𝑒2.
 

Definition 1.3 (Norm of a bicomplex number:).  For an element 𝜙 ∈ ℂ2, the associated norm can be equivalently expressed in the following three forms: 

∥ 𝜙 ∥ = (|𝑥1|
2 + |𝑥2|

2 + |𝑥3|
2 + |𝑥4|

2)
1
2, (real form)

= (|𝑟1|
2 + |𝑟2|

2)
1
2, (complex form)

= (
|𝜙−|2 + |𝜙+|2

2
)

1
2

, (idempotent form)

 

Thus, these three equivalent representations of the norm on ℂ2 are commonly referred to as the real form, complex form, and idempotent form, respectively. 

Furthermore, the norm satisfies a multiplicative property for all 𝜙,𝜓 ∈ ℂ2: 

∥ 𝜙𝜓 ∥ ≤  √2   ∥ 𝜙 ∥ ∥ 𝜓 ∥. 
Because of the above inequality, the bicomplex algebra ℂ2, when equipped with the ordinary norm, becomes a modified Banach algebra.This relation is often referred 
to as the modified multiplicative inequality for the standard norm [9]. 

Definition 1.4 (Characterization of Singular Elements:).  Let 𝜙 = 𝑟1 + 𝑖2𝑟2 be an aelement in ℂ2. Then 𝜙 is called non-singular if there exists some 𝜓 = 𝑤1 +
𝑖2𝑤2 ∈ ℂ2 such that 𝜙𝜓 = 1. If no such 𝜓 exists, then 𝜙 is referred to as singular. It is well known that ℂ2 contains infinitely many elements that lack multiplicative 

inverses. The entire set of such singular elements in ℂ2 will be denoted by 𝕆2. 

A bicomplex number 𝜙 = 𝑟1 + 𝑖2𝑟2 is singular precisely if and only if |𝑟1
2 + 𝑟2

2| = 0. For 𝜙 = 𝑟1 + 𝑖2𝑟2 and 𝜓 = 𝑤1 + 𝑖2𝑤2 in ℂ2, the product 𝜙𝜓 is singular if and 

only if at least one of 𝜙 and 𝜓 is singular. 

Definition 1.5 (Conjugate of a bicomplex number:).  In analogy with the conjugate operation in ℂ1, a number in ℂ2 admits several natural notions of conjugation. 

Among the most commonly used are three conjugations, associated with the units 𝑖1, 𝑖2, and 𝑖1𝑖2, denoted by 𝜙, 𝜙̃, and 𝜙♯, respectively. For 𝜙 = 𝑥1 + 𝑖1𝑥2 + 𝑖2𝑥3 +
𝑖1𝑖2𝑥4 = 𝑧1 + 𝑖2𝑧2, one obtains: 

𝜙 = (𝑥1 − 𝑖1𝑥2) + 𝑖2(𝑥3 − 𝑖1𝑥4),

𝜙̃ = (𝑥1 + 𝑖1𝑥2) − 𝑖2(𝑥3 + 𝑖1𝑥4),

𝜙♯ = (𝑥1 − 𝑖1𝑥2) − 𝑖2(𝑥3 − 𝑖1𝑥4).

 

It is very easy to see that 𝜙 = (𝑧1 + 𝑖2𝑟2) = (𝜙+)𝑒1 + (𝜙−)𝑒2, 𝜙̃ = (𝑟1 − 𝑖2𝑟2) = (𝜙+)𝑒1 + (𝜙−)𝑒2, and 𝜙♯ = (𝑟1 − 𝑖2𝑟2) = (𝜙−)𝑒1 + (𝜙+)𝑒2. Moreover, if 𝜓 =

𝑦1 + 𝑖1𝑦2 + 𝑖2𝑦3 + 𝑖1𝑖2𝑦4 = 𝑤1 + 𝑖2𝑤2 ∈ ℂ2 then 

 
These identities demonstrate that multiplication in ℂ2 remains consistent with the three principal conjugations of bicomplex numbers. 

Definition 1.6 (Bicomplex Matrix:).  A matrix 𝐴 whose entries are bicomplex numbers, is called a bicomplex matrix [4]. Explicitly, 

𝐴 = [

𝜙11 𝜙12 ⋯ 𝜙1𝑛

𝜙21 𝜙22 ⋯ 𝜙2𝑛

⋮ ⋮ ⋱ ⋮
𝜙𝑚1 𝜙𝑚2 ⋯ 𝜙𝑚𝑛

] , 𝜙𝑝𝑞 ∈ ℂ2;𝑚, 𝑛 ∈ ℕ, 1 ≤ 𝑝 ≤ 𝑚,  1 ≤ 𝑞 ≤ 𝑛. 

Since bicomplex numbers 𝜙𝑝𝑞 = 𝛼𝑝𝑞 + 𝑖1𝛽𝑝𝑞 + 𝑖2𝛾𝑝𝑞 + 𝑖1𝑖2𝛿𝑝𝑞 = 𝑧𝑝𝑞 + 𝑖2𝑤𝑝𝑞 = 𝜙𝑝𝑞
−𝑒1 + 𝜙𝑝𝑞

+𝑒2, 1 ≤ 𝑝 ≤ 𝑚,  1 ≤ 𝑞 ≤ 𝑛, admit three canonical forms of 

representation, a bicomplex matrix can be expressed in the following ways: 

1. Real Representation of 𝐴: 

𝐴 = [

𝛼11 𝛼12 ⋯ 𝛼1𝑛

𝛼21 𝛼22 ⋯ 𝛼2𝑛

⋮ ⋮ ⋱ ⋮
𝛼𝑚1 𝛼𝑚2 ⋯ 𝛼𝑚𝑛

] + 𝑖1 [

𝛽11 𝛽12 ⋯ 𝛽1𝑛

𝛽21 𝛽22 ⋯ 𝛽2𝑛

⋮ ⋮ ⋱ ⋮
𝛽𝑚1 𝛽𝑚2 ⋯ 𝛽𝑚𝑛

]

+𝑖2 [

𝛾11 𝛾12 ⋯ 𝛾1𝑛

𝛾21 𝛾22 ⋯ 𝑐2𝑛

⋮ ⋮ ⋱ ⋮
𝛾𝑚1 𝛾𝑚2 ⋯ 𝛾𝑚𝑛

] + 𝑖1𝑖2 [

𝛿11 𝛿12 ⋯ 𝛿1𝑛

𝛿21 𝛿22 ⋯ 𝛿2𝑛

⋮ ⋮ ⋱ ⋮
𝛿𝑚1 𝛿𝑚2 ⋯ 𝛿𝑚𝑛

] .

 

2. Complex Representation of 𝐴: 

𝐴 = [

𝑧11 𝑧12 ⋯ 𝑧1𝑛

𝑧21 𝑧22 ⋯ 𝑧2𝑛

⋮ ⋮ ⋱ ⋮
𝑧𝑚1 𝑧𝑚2 ⋯ 𝑧𝑚𝑛

] + 𝑖2 [

𝑤11 𝑤12 ⋯ 𝑤1𝑛

𝑤21 𝑤22 ⋯ 𝑤2𝑛

⋮ ⋮ ⋱ ⋮
𝑤𝑚1 𝑤𝑚2 ⋯ 𝑤𝑚𝑛

] . 

3. Idempotent Representation of 𝐴: 

𝐴 =

[
 
 
 
𝜙−

11
𝜙−

12
⋯ 𝜙−

1𝑛

𝜙−
21

𝜙−
22

⋯ 𝜙−
2𝑛

⋮ ⋮ ⋱ ⋮
𝜙−

𝑚1
𝜙−

𝑚2
⋯ 𝜙−

𝑚𝑛]
 
 
 

𝑒1 +

[
 
 
 
 
𝜙+

11
𝜙+

12
⋯ 𝜙+

1𝑛

𝜙+
21

𝜙+
22

⋯ 𝜙+
2𝑛

⋮ ⋮ ⋱ ⋮
𝜙+

𝑚1
𝜙+

𝑚2
⋯ 𝜙+

𝑚𝑛]
 
 
 
 

𝑒2. 

The determinant of 𝐴 is given by |𝐴| = |𝐴−| 𝑒1 + |𝐴+| 𝑒2. Moreover, the matrix 𝐴 is invertible precisely when |𝐴| ∉ 𝑂2 [4,9]. The cofector of the bicomplex matrix 𝐴 

is given by 𝑐𝑜𝑓(𝐴) = 𝑐𝑜𝑓(𝐴−)𝑒1 + 𝑐𝑜𝑓(𝐴+)𝑒2, where “𝑐𝑜𝑓(𝐴)” denotes the cofector of the matrix 𝐴. The adjoint of the bicomplex matrix 𝐴 is given by 𝑎𝑑𝑗(𝐴) =
𝑎𝑑𝑗(𝐴−)𝑒1 + 𝑎𝑑𝑗(𝐴+)𝑒2, where “𝑎𝑑𝑗(𝐴)” denotes the adjoint of the matrix 𝐴. The transpose of the bicomplex matrix 𝐴 is given by 𝐴𝑇 = (𝐴−)𝑇𝑒1 + (𝐴+)𝑇𝑒2, where 

“𝐴𝑇” denotes the transpose of the matrix 𝐴. The inverse of the bicomplex matrix 𝐴 is given by 𝐴−1 = (𝐴−)−1𝑒1 + (𝐴+)−1𝑒2. If 𝐵 is a matrix with order 𝑛 × 𝑘, then 

  𝐴𝐵 = (𝐴−𝐵−)𝑒1 + (𝐴+𝐵+)𝑒2. 

Definition 1.7  (Hermitian Matrix [8]:).  Let 𝐴 be a bicomplex matrix with order 𝑛 × 𝑛, and if 

1. A matrix 𝐴 is termed 𝑖1-Hermitian if it satisfies the condition 𝐴 = [𝐴]
𝑇
. 

2. A matrix 𝐴 is termed 𝑖2-Hermitian if it satisfies the condition 𝐴 = [𝐴̃]
𝑇
. 

3. A matrix 𝐴 is termed 𝑖1𝑖2 -Hermitian, if it satisfies the condition 𝐴 = [𝐴♯]𝑇 

Theorem 1.8   Let 𝐴 be a complex matrix with order 𝑚 × 𝑛, then 

1. 𝑎𝑑𝑗(𝐴𝑇) = [𝑎𝑑𝑗(𝐴)]𝑇. 

2. 𝑎𝑑𝑗(𝐴𝜃1) = [𝑎𝑑𝑗(𝐴)]𝜃1. 
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3. 𝐴̃ = 𝐴. 

4. 𝐴 = 𝐴♯. 

From the above, it is evident that 𝑎𝑑𝑗(𝐴𝜃2) = 𝑎𝑑𝑗(𝐴𝑇) = [𝑎𝑑𝑗(𝐴)]𝜃2 and 𝑎𝑑𝑗(𝐴𝜃3) = 𝑎𝑑𝑗(𝐴𝜃1) = [𝑎𝑑𝑗(𝐴)]𝜃1  =   [𝑎𝑑𝑗(𝐴)]𝜃3. 

Throughout this paper, 𝐴𝑇 denotes the transpose of 𝐴, and 𝐴𝜃1, 𝐴𝜃2, and 𝐴𝜃3 denote, respectively, the 𝑖1-tranjugate, 𝑖2-tranjugate, and 𝑖1𝑖2-tranjugate of 𝐴, obtained by 

taking the transpose followed by the corresponding conjugation. The 𝑖1-conjugate, 𝑖2-conjugate, and 𝑖1𝑖2-conjugate associated with a matrix 𝐴 are represented by 𝐴, 𝐴̃, 

and 𝐴♯, respectively. Furthermore, 𝑀𝑛(ℂ2) denotes the class of all bicomplex matrices of order 𝑛, whereas 𝑀𝑛(ℂ(𝑖1)) represents the collection of all 𝑖1-complex 

matrices of the same order. 
2. Analysis of a Matrix in Bicomplex Space 

This section focuses on establishing the principal results of the paper. We start by examining the relationship between transpose operations and the idempotent parts of 

a matrix, followed by a comprehensive analysis of matrix conjugates with respect to idempotency. We also present several important properties of the adjoint within 
the framework of bicomplex matrices. 

Moreover, we obtain new findings related to bicomplex Hermitian matrices and study their underlying structural properties. The section further covers orthogonal 

bicomplex matrices along with their relevant properties and results. Altogether, these studies provide a broader and clearer understanding of matrix structures in 
bicomplex spaces. 

Theorem 2.1.  If 𝐴 is a bicomplex matrix with order 𝑚 × 𝑛; then the following are true in general. 

a) The transpose of the first idempotent component of 𝐴, (𝐴−)𝑇, coincides with the first idempotent component of the transpose of 𝐴, (𝐴𝑇)−; that is, (𝐴−)𝑇 = 
(𝐴𝑇)−. 

b) The transpose of the second idempotent component of 𝐴, (𝐴+)𝑇, coincides with the second idempotent component of the transpose of 𝐴, (𝐴𝑇)+; that is, 
(𝐴+)𝑇 = (𝐴𝑇)+. 

c) The 𝑖1-conjugate of the first idempotent component of 𝐴, 𝐴−, does not coincide with the first idempotent component of the 𝑖1-conjugate of 𝐴, (𝐴)
−

; that is, 

(𝐴)
−

= 𝐴+ ≠ 𝐴−. 

d) The 𝑖1-conjugate of the second idempotent component of 𝐴, 𝐴+, does not coincide with the second idempotent component of the 𝑖1-conjugate of 𝐴, (𝐴)
+

; 

that is, (𝐴)
+

= 𝐴− ≠ 𝐴+. 

e) The 𝑖2-conjugate of the first idempotent component of 𝐴,  𝐴−̃, does not coincide with the first idempotent component of the 𝑖2-conjugate of 𝐴, (𝐴̃)
−

; that is, 

(𝐴̃)
−

= 𝐴+ ≠ 𝐴− = 𝐴−̃. 

f) The 𝑖2-conjugate of the second idempotent component of 𝐴, 𝐴+̃, does not coincide with the second idempotent component of the 𝑖2-conjugate of 𝐴, (𝐴̃)
+

; 

that is, (𝐴̃)
+

= 𝐴− ≠ 𝐴+ = 𝐴+̃. 

g) The 𝑖1𝑖2-conjugate of the first idempotent component of 𝐴, (𝐴−)♯, coincides with the first idempotent component of the 𝑖1𝑖2-conjugate of 𝐴, (𝐴♯)−; that is, 

(𝐴♯)− = 𝐴− = (𝐴−)♯. 
h) The 𝑖1𝑖2-conjugate of the second idempotent component of 𝐴, (𝐴+)♯, coincides with the second idempotent component of the 𝑖1𝑖2-conjugate of 𝐴, (𝐴♯)+; 

that is, (𝐴♯)+ = 𝐴+ = (𝐴+)♯. 
Proof.  The proof is straightforward and hence omitted.  

Theorem 2.2.  Suppose 𝐴 and 𝐵 are matrices belonging to 𝑀𝑛(ℂ2). Then the adjoint of their product satisfies adj. (𝐴𝐵) = adj. (𝐵)adj. (𝐴). 
Proof. Since each bicomplex matrix 𝐴 and 𝐵 admits an idempotent decomposition as 

𝐴 = 𝐴−𝑒1 + 𝐴+𝑒2,  and 𝐵 = 𝐵−𝑒1 + 𝐵+𝑒2. 
Consequently, 

𝐴𝐵 = (𝐴−𝐵−)𝑒1 + (𝐴+𝐵+)𝑒2. 
Therefore, by (6) 

𝑎𝑑𝑗. (𝐴𝐵) = 𝑎𝑑𝑗. (𝐴−𝐵−)𝑒1 + 𝑎𝑑𝑗. (𝐴+𝐵+)𝑒2. 
By the classical identity for complex matrices, 

𝑎𝑑𝑗. (𝐴−𝐵−) = 𝑎𝑑𝑗. (𝐵−)𝑎𝑑𝑗(𝐴−),  𝑎𝑑𝑗. (𝐴+𝐵+) = 𝑎𝑑𝑗. (𝐵+)𝑎𝑑𝑗. (𝐴+). 
Therefore, 

𝑎𝑑𝑗. (𝐴𝐵) = (𝑎𝑑𝑗. (𝐵−)𝑎𝑑𝑗. (𝐴−))𝑒1 + (𝑎𝑑𝑗. (𝐵+)𝑎𝑑𝑗. (𝐴+))𝑒2. 
This expression coincides with 

(𝑎𝑑𝑗. (𝐵−)𝑒1 + 𝑎𝑑𝑗. (𝐵+)𝑒2)(𝑎𝑑𝑗. (𝐴−)𝑒1 + 𝑎𝑑𝑗. (𝐴+)𝑒2) = 𝑎𝑑𝑗. (𝐵)𝑎𝑑𝑗. (𝐴). 
Hence, the theorem is proved.  

Theorem 2.3.  Suppose 𝐴 be a bicomplex matrix with order 𝑚 × 𝑛, if 

a) 𝐴  is an 𝑖1-hermitian matrix, then 𝑎𝑑𝑗. (𝐴) is an 𝑖1-hermitian matrix. 

b) 𝐴  is an 𝑖2-hermitian matrix, then 𝑎𝑑𝑗. (𝐴) is an 𝑖2-hermitian matrix. 

c) 𝐴  is an 𝑖1𝑖2-hermitian matrix, then 𝑎𝑑𝑗. (𝐴) is an 𝑖1𝑖2-hermitian matrix. 
Proof. 

1. Consider a matrix ′𝐴′ that is 𝑖1-hermitian Suppose ′𝐴′ be an 𝑖1-hermitian matrix, then 

   
  Now 

 
2. Let ′𝐴′ be an 𝑖2-hermitian matrix, then 
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  Now 

   
3. Let ′𝐴′ be an 𝑖1𝑖2-hermitian matrix, then 

   
  Now 

 
Hence, the theorem is proved.  

Definition 2.3.  If A denote a matrix with order 𝑛 × 𝑛 whose entries are in ℂ2, then 𝐴 is said to be singular if its determinant satisfies 
|𝐴| ∈ 𝑂2 = 𝐼1 ∪ 𝐼2. 

where 

𝐼1 = {𝑧 ⋅ 𝑒1: 𝑧 ∈ ℂ1}, 𝐼2 = {𝑤 ⋅ 𝑒2: 𝑤 ∈ ℂ1}. 
Moreover if, 

1. |𝐴| = 0, then 𝐴 is called a strictly singular matrix. 

2. |𝐴| ≠ 0 and |𝐴| ∈ 𝐼1, then 𝐴 is called a non-strictly singular matrix of the first kind. 

3. |𝐴| ≠ 0 and |𝐴| ∈ 𝐼2, then 𝐴 is called a non-strictly singular matrix of the second kind. 

Example 2.5.  Let 𝐴1, 𝐴2, and 𝐴3 be the bicomplex matrices such that 

𝐴1 = [
𝑒1 2
0 𝑒2

] ,  𝐴2 = [
𝑒1 2
0 𝑒1

] ,  and 𝐴3 = [
𝑒2 2
0 𝑒2

] . 

Then|𝐴1| = 0, |𝐴2| = 𝑒1, and |𝐴3| = 𝑒2. Thus 𝐴1, 𝐴2, and 𝐴3 are the strictly singular matrix, non-strictly singular matrix of the first kind, and non-strictly singular 
matrix of the second kind, respectively. 

The classification into strictly singular and non-strictly singular matrices clarifies the role of idempotent components 𝑒1 and 𝑒2 in determinant degeneracy, providing 
insight for bicomplex linear operators and their spectral analysis. 

Theorem 2.6.  Let 𝐴 denote a bicomplex valued matrix with order 𝑛 × 𝑛 such that |𝐴| ∈ 𝑂2, then |𝑎𝑑𝑗. (𝐴)| ∈ 𝑂2. 
Proof. Since 

 
Since |𝐴| ∈ 𝑂2, therefore |𝐴−| = 0 or |𝐴+| = 0. Thus, by (4), |𝑎𝑑𝑗. (𝐴)| ∈ 𝑂2. 
Hence, the theorem is proved.  

Theorem 2.7.  Let 𝐴 denote a bicomplex valued matrix with order 𝑛 × 𝑛 such that 𝐴 is a strictly singular matrix, then 𝑎𝑑𝑗. (𝐴) is a strictly singular matrix. 
Proof. Since 

 
Since |𝐴| = 0, therefore |𝐴−| = 0 and |𝐴+| = 0. Thus, by (5), |𝑎𝑑𝑗. (𝐴)| = 0. 
Hence, the theorem is proved.  

Theorem 2.8.  Consider two 𝑛 × 𝑛 bicomplex matrices A and B. If their product satisfies 𝐴 ⋅ 𝐵 = 0, then 𝐴 or 𝐵 are singular matrix; equivalently |𝐴| ∈ 𝑂2 or  |𝐵| ∈
𝑂2. 

Proof.  Since, product of matrices 𝐴 and 𝐵 is zero matrix, that is; 

 
Therefore, |(𝐴−)| = 0 or |(𝐵−)| = 0. thus, 𝐴 is a singular matrix or 𝐵 is a singular matrix. 

Hence, the theorem is proved.  

Theorem 2.9.  If 𝐴, 𝐵 are two matrices with bicomplex entriess with order 𝑛 × 𝑛 such that 𝐴 ⋅ 𝐵 = 0 and |𝐵| ≠ 0, then |𝐴| ∈ 𝑂2. 
Proof.  Since, given product is zero matrix, that is 

 
Since |𝐵| ≠ 0, that is, |𝐵−| ≠ 0 or |𝐵+| ≠ 0. By (6), |𝐴−| = 0 or |𝐴+| = 0. Thus|𝐴| ∈ 𝑂2. 
Hence, the theorem is proved.  
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Theorem 2.10.  If 𝐴,𝐵 are two matrices with bicomplex entries of order 𝑛 × 𝑛 satisfyimg 𝐴 ⋅ 𝐵 = 0 and |𝐵| ∉ 𝑂2, then 𝐴 must be zero matrix. 
Proof.  Since 

 
Since |𝐵| ∉ 𝑂2, that is, 𝐵 is not a singular matrix, so |𝐵−| ≠ 0 and |𝐵+| ≠ 0. Thus (𝐵−)−1 and (𝐵+)−1 exist. By (7), we get 

𝐴− = 0 and 𝐴+ = 0
⇒ 𝐴 = 0.

 

Hence, the theorem is proved. ◻ 
Corollaries (2.11) and (2.12) follow directly from the result established in (2.9) and (2.10). 

Corollary 2.11.  If 𝐴,𝐵 are two matrices with bicomplex entries with order 𝑛 × 𝑛 such that 𝐴 ⋅ 𝐵 = 0 and |𝐴| ≠ 0, then |𝐵| ∈ 𝑂2. 

Corollary 2.12.  If 𝐴,𝐵 are two matrices with bicomplex entries with order 𝑛 × 𝑛 such that 𝐴 ⋅ 𝐵 = 0 and |𝐴| ∉ 𝑂2, then 𝐵 = 0. 

Theorem 2.13.  If 𝐴,𝐵 are two matrices with bicomplex entries of order 𝑛 × 𝑛 satisfyimg 𝐴 ⋅ 𝐵 = 0 and 𝐴 ≠ 0 and 𝐵 ≠ 0, then both 𝐴 , 𝐵 are singular matrices; 

equivalently |𝐴| ∈ 𝑂2 and |𝐵| ∈ 𝑂2. 
Proof.  Since 

 
Now, we assume to the contrary that 𝐴 is not a singular matrix, that is, |𝐴−| ≠ 0 and |𝐴+| ≠ 0. Thus (𝐴−)−1 and (𝐴+)−1 exist. By (8), we get 

𝐵− = 0 and 𝐵+ = 0
⇒ 𝐵 = 0.

 

In the same manner, if we assume that 𝐵 is not a singular matrix, then we get 

𝐴 = 0. 
Thus, (9) and (10) show a contradiction. Therefore, our assumption that 𝐴 is not a singular matrix and 𝐵 is not a singular matrix is not true. Hence both 𝐴 and 𝐵 are 
singular matrices. 

Hence, the theorem is proved. ◻ 

Definition 2.14.  Let 𝐴 be a matrices with bicomplex entries with order 𝑛 × 𝑛, then 𝐴 is called an orthogonal matrix if it satisfies 

𝐴𝑇𝐴 = 𝐼 = 𝐴𝐴𝑇,

i.e., 𝐴𝑇 = 𝐴−1.
 

It follows directly that whenever a bicomplex matrix 𝐴 satisfies the orthogonality condition, both its transpose 𝐴𝑇 and its inverse 𝐴−1 also preserve this property and 
hence are orthogonal bicomplex matrices. 

Example 2.15.  Let 𝐴 be a bicomplex matrix such that 𝐴 = [
𝑒1 𝑒2

𝑒2 𝑒1
], then 𝐴𝑇 = [

𝑒1 𝑒2

𝑒2 𝑒1
] = 𝐴 and 𝐴𝐴𝑇 = 𝐴𝑇𝐴 = [

1 0
0 1

]. Thus 𝐴 is an orthogonal bicomplex matrix. 

Theorem 2.16.  Let ′𝐴′ be an orthogonalmatrices with bicomplex entries with order 𝑛 × 𝑛 if and only if 𝐴− and 𝐴+ are orthogonal complex matrices. 

Proof. Let ′𝐴′ be an orthogonal bicomplex matrix with order 𝑛 × 𝑛, that is, 

 
Hence, the theorem is proved. ◻ 

Theorem 2.17.  If 𝐴 is an orthogonal matrices with bicomplex entries with order 𝑛 × 𝑛, then |𝐴| ∈ {1, −1, 𝑖1𝑖2,−𝑖1𝑖2}. 
Proof.  Let ′𝐴′ be an orthogonal bicomplex matrix with order 𝑛 × 𝑛, then 

𝐴𝑇𝐴 = 𝐼 = 𝐴𝐴𝑇

⇒ |𝐴||𝐴| = 1,  since |𝐴| = |𝐴𝑇|

⇒ |𝐴−𝑒1 + 𝐴+𝑒2||𝐴
−𝑒1 + 𝐴+𝑒2| = 1

⇒ (|𝐴−|𝑒1 + |𝐴+|𝑒2)(|𝐴
−|𝑒1 + |𝐴+|𝑒2) = 1

⇒ (|𝐴−|)2𝑒1 + (|𝐴+|)2𝑒2 = 𝑒1 + 𝑒2

⇒ |𝐴−|2 = 1 and |𝐴+|2 = 1

⇒ |𝐴−| = ±1 and |𝐴+| = ±1

 

Thus, the possible values of |𝐴| are 1, −1, 𝑒1 − 𝑒2, and 𝑒2 − 𝑒1 since 𝑒1 − 𝑒2 = 𝑖1𝑖2. 

Hence, the theorem is proved. ◻ 

Definition 2.18   Let  ′𝐴′ be an orthogonal bicomplex matrix with order 𝑛 × 𝑛 and if 

1. |𝐴| =  1 or  −1, then 𝐴 is called a trivial orthogonal bicomplex matrix. 

2. |𝐴| =  𝑖1𝑖2  or  −𝑖1𝑖2, then 𝐴 is called a non-trivial orthogonal bicomplex matrix. 

Example 2.19.  Consider, 𝐵 are two matrices with bicomplex entries like as  𝐴 = [
𝑒1 𝑒2

𝑒2 𝑒1
], and 𝐵 = [

−𝑒1 −𝑒2

𝑒2 −𝑒1
], then 

𝐴𝑇 = [
𝑒1 𝑒2

𝑒2 𝑒1
] = 𝐴,  𝐴𝐴𝑇 = 𝐴𝑇𝐴 = [

1 0
0 1

] ;

𝐵𝑇 = [
−𝑒1 𝑒2

−𝑒2 −𝑒1
] ,  𝐵𝐵𝑇 = 𝐵𝑇𝐵 = [

1 0
0 1

] .
 

Since |𝐴| = 𝑖1𝑖2 and |𝐵| = 1. Thus 𝐴 and 𝐵 are non-trivial and trivial orthogonal bicomplex matrices, respectively. 

Theorem 2.20.  Let   𝐴, 𝐵 be two bicomplex orthogonal matrices of order 𝑛 × 𝑛, then the product 𝐴𝐵 is an orthogonal bicomplex matrix, that is, the class of orthogonal 

bicomplex matrices is closed under multiplication. 

Proof.  Since 𝐴 and 𝐵 are orthogonal bicomplex matrices, therefore 

   

        
Now 



MSW MANAGEMENT -Multidisciplinary, Scientific Work and Management Journal 

ISSN: 1053-7899 

Vol. 36 Issue 2, 2026, Pages 257-262 

262 

  
     

  
 

 

https://mswmanagementj.com/ 

 
Hence, the theorem is proved.  
Conclusion 

In this paper, we studied algebraic properties of bicomplex matrices via their idempotent decomposition. It was shown that fundamental operations such as transpose, 

cofactor, determinant, and adjoint behave consistently with their corresponding idempotent components. 

The notions of singular and strictly singular bicomplex matrices were introduced and characterized. Key results involving adjoint matrices, including adj(𝐴𝐵) =
adj(𝐵)adj(𝐴) and preservation of Hermitian structure, were established. Further, several properties related to products of bicomplex matrices were obtained, 

particularly conditions linking zero products with singularity. 

We also introduced orthogonal bicomplex matrices and showed that their determinants lie in {1,−1, 𝑖1𝑖2, −𝑖1𝑖2} and that this class is closed under multiplication. These 
results provide a concise framework for understanding the structure of bicomplex matrices and support further developments in bicomplex linear algebra. 
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