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Abstract

Second-order fuzzy relations (SOFRs), where membership grades are themselves fuzzy numbers, can model multiple levels of
uncertainty. Max-min, max-product, and sum-product have already been established within the efficient epsilon-delta (¢ — §) formalism,
however the exploration of more general fuzzy relational connectives remains limited. This paper introduces two non-standard compositions,
the Supremum-t —norm (Sup—i) and the Infimum-s —conorm (Inf—w;) compositions, within a comprehensive € — § framework for
formulating and solving Second Order Fuzzy Relational Equations (SOFREs). We extend these compositions founded by Klir & Yuan [1] for
Type-1 relations to the second-order context. We prove key algebraic properties, including a necessary condition for solvability, and
demonstrate the application of these compositions through a comparative numerical example in a medical diagnostic setting. Our results
demonstrate that the Sup—i composition offers a tunable, pessimistic chaining of relations, as shown with the product t —norm. In contrast, the
Inf—w; composition provides an optimistic, evidence-aggregating behavior when implemented with probabilistic sum s —conorm; it yields
strong diagnostic discrimination but at the cost of significant uncertainty amplification. Together, these compositions significantly expand the
modeling flexibility of the second-order fuzzy relational calculus.
Keywords: Second Order Fuzzy Relations, Second-Order Fuzzy Relational Equations, Epsilon-Delta Fuzzy Numbers, Sup—i Composition,
Inf—w; Composition, t —norms, s —conorms.
1. Introduction
Fuzzy Relational Equations (FREs) based on max-min composition were first proposed and investigated by Sanchez [2]. FREs are foundational
frameworks in fuzzy set theory that model uncertain relations between variables [1, 3]. The max-min composition is appropriate due to its
algebraic properties and direct semantic interpretation as a "strongest path" [4, 5].The limitation of Type-1 fuzzy sets in handling uncertainty
about the membership degrees themselves led to the development of higher-order fuzzy sets [6, 9]. Second-order fuzzy relations, where
membership grades are fuzzy numbers, directly address this limitation [7, 8]. However, specialized, efficient formalisms are required to reduce
the computational complexity of general Type-2 fuzzy systems. Klir & Yuan [1] systematically established compositions based on general
triangular norms (t —norms) and conorms (s —conorms) for FREs. The Sup—i composition generalizes the max-min and max-product
compositions, and the dual /nf—w; composition generalizes the min-max and min-sum. These generalized compositions offer a more flexible
framework of logical connectives or aggregation methods, allowing for more specific and nuanced modeling of how relations chain together.
Analytical methods for solving Type-1 fuzzy relational equations with max-product composition were established by Peeva and Kyosev. These
methods provide universal algorithm for computing the greatest solution and the set of all minimal solutions, when the system is consistent
[11]. Li and Fang provides a thorough investigation into solving a finite system of fuzzy relational equations using Sup—T composition, where
T is continuous triangular norm [12].A significant gap exists in the compositions of second order fuzzy relations due to its computational
complexity. This paper bridges this gap by introducing and formalizing the Sup—i and Inf—w; compositions for second order fuzzy relations
in € — 6 framework. This work extends the composition set explored in [8, 14] by providing: (1) a generalized composition framework
supporting arbitrary t —norms and s —conorms, (2) a complete mathematical foundation for approximate fuzzy operations that maintain
conservative approximation properties, and (3) the first characterization of uncertainty propagation patterns across different composition types.
These contributions established a comprehensive framework for second order fuzzy relational algebra.
Our primary contributions are:
1.The first formal definition of Sup—i and Inf—w; compositions for second order fuzzy relations within the € — § formalism.
2.The development of complete computational procedures for these compositions, extending the approximate arithmetic for € — § numbers.
3.An analysis of key algebraic properties, including a discussion on solvability conditions for the corresponding SOFREs.
4.A quantitatively verified numerical demonstration, including an analysis of uncertainty propagation patterns and clinical pathways,
comparing the behavior of Sup—i (with product and minimum t —norms) and /nf—w; (with probabilistic sum s —conorm) against the standard
max-min composition.
This work provides a more flexible and expressive framework for modeling systems under higher-order uncertainty.
2. Preliminaries
This section presents some definitions and preliminaries related to compositions and fuzzy relations.
2.1. Epsilon-Delta (&£ — 8) Triangular Fuzzy Numbers [8]
If  is a real number, then an & — § fuzzy number 7.5 is the triangular fuzzy number, for some &, € R, (g,6 > 0)is a fuzzy set 1. 5: R =
[0,1]defined by

w,ifr—e<x£r,

Tes(X) = %;‘S),ifr <x<r+34,
0, otherwise.

Also,rys = (r —&,1,7+ 6).

2.2. Second Order Fuzzy Relation [8]
A function R?: X x Y — F(I) defined by
R2(X xXY) = r:g , where
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rs’fg = 1 sis a triangular fuzzy number on I = [0,1] such thatr — & = 0,7 4+ § < 1, which indicates the fuzzy relationship between x and y for
every x € X,y € Y, F(Dis a fuzzy power set of I = [0,1], is called a second order fuzzy relation. It is denoted byR?(X X Y) = r;g.

2.3. Approximate Min and Max Operations on Epsilon-Delta Fuzzy Numbers
Letry, s,and s,, 5, be any two epsilon-delta fuzzy numbers where r < s.
1. Ifr—¢e <s—¢& andr +§; <5+ J,, then:
min(rgl'al,sgz'az) = Tgl‘(gl A 582,82 = r51'51 and

maX(r51.51’552.52) = r€1,51 v 552152 = 582.52’

2. Ifs—e <r—¢gandr+6; < s+ 6,, then:
min(7e, 5, Se, 6,) = Te, 8, A Sep5, = Tey-lr—s),8, and

max(Te, 6, Se, 8,) = Tey8, V Se,.8, = Sey+lr—s1,-

3. Ifr—e <s—¢gands + 6§, <r+ d;,then:
min(re, 5., S, 8,) = Te, 8, A Sep 5, = e, 8,+1r—s| and

max (Te, 5,0 Se, 8,) = Ter, V Se,.8, = Se, 8,-Ir—s|-

4. Ifs—e <r—¢gands+ 6, <r+ dy, then:
min(re, 5., S, 8,) = Te, 8, A Sep8, = Tey=lr—sl,s,+1r—s| and

max(7e, 6, Se, 8,) = Te,8, V Se,8, = Sey+lr—s16,~lr—s! -
These operations provide triangular approximations of supremum and infimum operations on fuzzy numbers [8].

2.4. Approximate Operations on ¢ — § Numbers [8]

Let A =1, 5,and B = s, 5, be two € — § fuzzy numbers where r < s. The piecewise definitions for the approximate minimum (A) and
maximum (V) operations are as defined in 2.3. These operations provide triangular approximations of Zadeh's extension principle for supremum
and infimum.

The product of two € — § numbers is approximated by [6]:

A.B = (r. S)r£2+551—£182,r62+561+6162

2.5. Type-1 Sup—i and Inf—w; Compositions [1]
LetR €S X XY and S €Y X Z be Type-1 fuzzy relations. Let i be a t —norm and u be an s-conorm.
The Sup—i composition S o; R is defined by:

tsor (%, 2) = i‘é‘? [ug Cx, y)ius (v, 2)]

This generalizes max-min (i =min) and max-product (i =product).
The Inf—w; composition S o* R is defined by:
Hssur(x,2) = influgCr, yups(y, 2)]

This is the dual composition of Sup—i.

3. Second Order Fuzzy Relational Equations with Sup—i and Inf—w; Compositions

The Sup—i and Inf—w; compositions are now extended to the second-order context.

3.1. Compositions of Second-Order Fuzzy Relations

Let R € X X Y and §2 € Y x Z be two second-order fuzzy relations with membership function given by,

e e y) =170 5 and us2(y,2) = 537
3.1.1. Sup—i Composition
The Sup—i composition S2 o; R? is a second-order fuzzy relation on X X Z defined by,
Mszorz (1,2) = V. [ge (0, Y) 52 (y, 2)]
where V is the approximate supremum operation for € — § numbers, and { is an approximate t-norm operation defined for € — § numbers.

3.1.2. Inf—w; Composition
The Inf—w; composition S? o* R? is a second-order fuzzy relation on X X Z defined by,
pszoug2(x,2) = A [uge (6, y) sz (v, 2)]

where A is the approximate infimum operation for € — § numbers, and i is an approximate s —conorm operation defined for € — § numbers.

3.2. Computational Formulation
Defining the approximate operations ' and # is the computational challenge. The proposed definitions are based on the interval arithmetic of
the a-cuts of the € — § fuzzy numbers.

3.2.1. Approximate t —norm (7)
Let A =1y, 5,and B = s, 5, be two &€ — § fuzzy numbers, and i be a continuous ¢t —norm. The approximate ¢ —norm operation AL B produces
anew & —8 fuzzy number C = t,, 5. where the core value is t = i(r, s). The spreads &3, §3 are computed such that & —cut C[a] contains the
interval resulting from the t —norm applied to the ¢ —cuts of A andB:

Cla] 2 {i(a,b)|a € A[a] and b € Bla]}
For specific t —norms, this leads to the following closed-form formulas:
For the Minimum ¢-norm (i(a,b) = min(a, b)): The result is given directly by the existing approximate minimum operation A , denoted
here as AT ;B .
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For the Product t—norm (i(a,b) = a X b): The approximation is derived from the product of the a —cut intervals.
Alproa B = tgys,
where:
t=rxs
g, =TXeg+ sXeg — g Xeg

63 = 1"><52 +SX81 +61x62

3.3 Approximate s —conorm i
Let A =7, sand B = s, 5,, be two & — & fuzzy numbers, and let u be a continuous s —conorm. The approximate s —conorm operation A i B
produces a new ¢ — & fuzzy number C = t,_ s,, where the core value ist = u(r,s). The spreads &3 and Jzare computed to satisfy:

Cla] 2 {u(a,b) |a € Ala] and b € B[]}

For the Probabilistic Sum s —conorm (u(a,b) = a + b — a x b):
The approximation results from the addition and product of the a —cut intervals.
A" B ~ t£3‘53
where:
t=r+s—rxs
g, =& +t&+ X+ sX8 +8; X6,
03 =01 +8,+ rXe, + sXe — € X&y
The resultant fuzzy number ¢, s, may lie outside the interval 0 and 1. To keep a valid fuzzy number within [0, 1] and preserve the containment
property, we treat this as a constrained optimization. The resulting fuzzy number ¢, 5, must satisfy:

1. Clal = [t — 1 —a)es,t + (1 —a)dz] a-Cut Representation
2. Cla] 2 {u(a,b) |a € A[a],b € B[a]} (Containment)
3 0<t—¢g <t<t+ 63 < 1(Validity)

The practical implementation applies constrained bounds:

tfinal = min(t, 1)

€3finat = MIN(€3, trinq) (Ensures lower bound > 0)

83finar = Min(83,1 — ting) (ENsures upper bound< 1)

This method ensures that the result is mathematically correct, but be aware that there may be a slight change of precision when applying various
composition operations.

The definitions of f and #i ensure that resultant € — § fuzzy number C contains all possible values that resulted from applying Zadeh's extension
principle to the continuous t —norm i [7].

3.4. Solvability of SOFREs
The fundamental SOFRE has the form:
RZ — P2 ° QZ
where one of the three second order relations P2, Q2,or R? is need to be determined [2,3].

3.4.1 Theorem (Necessary condition for Solvability with Sup—i Composition)
LetR? =P%20;Q%be a consistent SOFRE. A necessary condition for the existence of a solution for the unknown
relation Q2 (with P? and R? given) is that for every(x, z) € X X Z, there exists at least one y € Y such that:

r¥ < pxy i qyz
where r*%,p*Y, q¥% are the core values of the respective € — § numbers. A similar condition, based on the inequality r** > p*¥ u q¥%, holds
for the /nf—w; composition.
Proof: The proof follows from the definition of the compositions and the properties of t —norms and s —conorms. For the Sup—i composition,
the resultant is the supremum over Y for each (x, z) pair. If for a given(x, z), the core of R?(x, z) is greater than all possible p*Y i g¥%, no
solution exists. The condition is a direct translation of this logic to the second order core values.

Discussion on Solvability:

The condition in 3.4.1 Theorem is necessary but not sufficient. A complete solution to a SOFRE requires the core values g¥# for unknown
relation Q2 and associated uncertainty spreads(y,, §y,). The propagation of these uncertainties through the approximate operations f or & and
the subsequent approximate supremum/infimum presents a significantly more complex challenge than in the Type-1 case.

Establishing necessary and sufficient conditions for solvability, or developing practical algorithms to solve for the full parameter set of Q2,
remains an open and non-trivial research problem [2,13]. The successful implementation and comparative analysis of these compositions in
Section 4 validates this foundational framework and provides a concrete basis for future work on the solvability problem.

3.5. Analysis of Key Algebraic Properties
Beyond solvability, it is important to characterize other fundamental algebraic properties of the proposed compositions to understand their
behavior in relational calculus. The following properties are analyzed in the context of second order fuzzy relations.

3.5.1 Monotonicity Property
The Sup—i and Inf—w;compositions are monotonic with respect to the fuzzy relation order. That is, for second order relations P2, 92, R2,S? if
P? € @2 and R? < 52, then:
P2o;R2 € Q2 o; 52
and
PZ ol RZ c QZ OuSZ
where the pointwise fuzzy subset relation for € — § numbers defined the order E.
Proof:
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Part 1: Monotonicity of Sup—i Composition
Let P2 € Q2 and R% < S2. We need to show that for all (x,z) € X X Z :
Up2or2(X,2) S pozes2(%, 2)

By definition,
Up2apz (X,2) = y\efy[#pz (6, Y)iugz(y, 2)]

Horos2(,2) = V. o2 (%, Y)ius (v, 2)]
Since P2 € Q2 and R? € S2, we have for all x,y, z:
up2(x,y) S poz(x,y) and pg2(¥,2) < ps2(y,2)
The approximate t —norm operation { is monotonic by construction (as it operates on @ —cut intervals and preserves inclusion). Therefore:
wpz (x, Y)ipgz (¥, 2) S poz(x, ¥)ius2(y, z) vyey
The approximate supremum operation V over all y € Y preserves this inclusion relationship, as it selects the "largest" fuzzy number from the
set of pairwise results. Thus:

Y e (e g2 (0 D)1 €V, (g2 (6 iks2 (7, 2)]
Hence, P? o; R € Q% o; §?
Part 2: Monotonicity of Inf—w;Composition
The proof follows similarly. For all (x,z) e X X Z :
pprongz (0,2) = A [upe (6, Y) 0 (v, 2)]
Hozus2(6,2) = A [o2 (6 3) s (v,2)]
Given the same inclusion relationships and the monotonicity of i, we have:

w2 (X, Y)pg2 (¥, 2) S po2(x,y)ips2(y,z)  Vy €Y
The approximate infimum operation A preserves this inclusion relationship, yielding:
A ez )0, D] € A (g2 (x, V) tips2 (v, 2)]
Therefore,
P2 o RZ c QZ ol SZ
This completes the proof of monotonicity for both compositions

3.5.2 Non-Associativity property
Unlike the specific case of the max-min composition [8], the Sup—i composition is generally not associative for a general t —norm i. That is,
for general second order relations,

(P?0; Q%) oy R* # P? 0; (Q* o; R?)
Similarly, the Inf—w; composition is generally not associative for a general s —conorm u.
Justification: The lack of associativity is a known characteristic of sup—t compositions in general Type-1 fuzzy logic [1, 4, 5]. This property
carries over to the second order framework due to the interplay between the supremum and the ¢ —norm operations. The failure of associativity
implies that the order of composition in multi-stage reasoning chains must be carefully considered.

3.5.3. Relationship with Standard Compositions

The max-min and max-product compositions are specific instances of the more general framework presented here. Specifically, the
max-min composition is equivalent to the Sup—i composition where i is the minimum ¢ —norm and the max-product composition is equivalent
to the Sup—i composition where i is the product t —norm

4. Numerical Example and Comparative Analysis

We demonstrate the new compositions using a simplified medical diagnosis scenario adapted from [2, 9].

4.1 Setup:

Sets: X = {P;, P, }(Two patients with different symptom profiles),

Y = {Fever, Cough, Fatigue} (Three symptoms),

Z = {CommonCold, Influenza, Pneumonia} (Three diseases).

Patient-Symptom Relation (P2): This relation captures the fuzzy membership of each patient to each symptom, represented as £ — § triplets.
ipz(Py, Fever) = 0.8501007, Hpz(P1, Cough) = 0.50150.15,

tpz (P, Fatigue) = 0.90¢ 10,05

upz(Pp, Fever) = 0.6910.15,  Hpz (P, Cough) = 0.950 40,03

pz (P2, Fatigue) = 0.3¢.1,0.15-

Symptom-Disease Knowledge Base (Q?): This relation encodes expert knowledge linking symptoms to diseases.

gz (Fever, Common Cold) = 0.4¢3 3, tigz (Fever, Influenza) = 0.95 ¢5,0.02, tg2 (Fever, Pneumonia) = 0.85¢ 150,09
Uoz (Cough, Common Cold) = 0.9¢.1,005, Uoz(Cough, Influenza) = 0.75¢ 1501

Ug2(Cough, Pneumonia) = 0.95¢ 19,04

Koz (Fatigue, Common Cold) = 0.65¢ 150,15, Uoz (Fatigue, Influenza) = 0.88 13,006, Koz (Fatigue, Pneumonia) = 0.98 9g,0.02
We compute the Patient-Disease relation R? = P2 o Q2 using three different compositions:

1. Sup—i composition with Minimum ¢t —norm:

R? = P? o,,;,, Q%, where o,,;,, is the standard max-min composition.

2. Sup—i composition with Product t —norm:

R? = P?0; Q% wherethe t —normiisi(a,b) = a x b.

3. Inf—w; composition with Probabilistic Sum s —conorm:

R? = P2 o* 2, where the s-conormu isu(a,b) = a + b — a x b.
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4.2 Results and Uncertainty Propagation Analysis
The full results, including the core values r and the uncertainty spreads (& and &), are presented below. This allows for a complete analysis of
both the diagnosis strength and the confidence in that diagnosis.

Table 1Patient-Disease Relation R?

Patient | Disease Sup—i  composition  with | Sup—i composition with Product | Inf—w; composition with Probabilistic Sum
Minimum ¢t —norm t —norm s —conorm

P, Common Cold 0.650 15015 0.585¢ 185.0.175 0.914704.0.09
Inﬂuenza_ 0.880.130.06 0.8075¢.1325,0.0863 0.875¢4775,0.125
Pneumonia 0.905.1,005 0.882¢.162,0.068 0.975¢4185,0.025

P, Common Cold 0.900.100.05 0.8554175.0.076 0.7550.68.0.245
Influenza 0.75¢450.10 0.7125¢ 3025,0.1205 0.916¢.359,0.084
Pneumonia 0.9541003 0.9025¢ 1500677 0.940 445,006

4.3 Interpretation and Comparative Analysis
Diagnostic Certainty:
Sup—i composition with minimum t —norm: Provides a clear, "best-path” diagnosis. For patient P;, identifies Pneumonia and Influenza as
most likely (cores of 0.90 and 0.88). The uncertainty bounds are directly inherited from the strongest path, leading to moderate uncertainty [5].
Sup—i composition with Product t —norm: This "pessimistic” composition produces lower core values and wider uncertainty spreads. For
example,P;'s likelihood of Pneumonia drops from 0.90 to 0.882, and the support widens from (0.80, 0.95) to (0.72, 0.95). This reflects the multiplicative
accumulation of uncertainty, making it a conservative choice for risk-averse decision-making. Inf—w; composition with Probabilistic Sum s —conorm: This
"optimistic" composition yields higher core values but at the cost of significantly amplified uncertainty as seen in the wide bounds for P;'s common cold
diagnosis 0.914504000 -Despite this amplification of uncertainty, it provides strong diagnostic discrimination between the most likely options, as
demonstrated by the 0.10 core separation between Pneumonia and Influenza for P;. This characteristic makes it ideal for sensitive screening applications
where identifying all potential cases is prioritized, even with reduced precision.While these qualitative observations provide initial insights, a
rigorous quantitative analysis is essential to objectively compare composition performance. The section 4.4 introduces specialized metrics to
quantify uncertainty propagation, diagnostic discrimination, and decision confidence.
4.4 Quantitative Metrics and Statistical Analysis
To provide an objective comparison between compositions beyond qualitative assessment, we introduce quantitative metrics measuring
uncertainty propagation and diagnostic characteristics.
4.4.1 Quantitative Uncertainty Metrics [6]
Diagnostic performance is assessed with the help of core value, uncertainty range, and confidence index.

Table 2 Quantitative Comparison Metrics for Patient P; s Diagnoses

Composition Disease Core Uncertainty Confidence
Type Value Range Index*
Sup—i (Min) Common Cold 0.65 0.30 0.50
Influenza 0.88 0.19 0.74
Pneumonia 0.90 0.15 0.78
Sup—i Common Cold 0.59 0.37 0.43
(Product) Influenza 0.81 0.21 0.67
Pneumonia 0.88 0.23 0.72
Inf—w; Common Cold 0.91 0.79 0.51
(ProbSum) Influenza 0.88 0.61 0.55
Pneumonia 0.98 0.45 0.68

*Confidence Index = Core Value / (1 + Uncertainty Range)

4.4.2 Analysis of Diagnostic Discrimination

To evaluate the compositions' ability to discriminate between diagnoses, we calculate separation metrics:

Diagnostic Separation Analysis for Patient P:

Sup—i composition with minimum ¢ —norm:

Influenza-Common Cold separation: 0.23 (strong discrimination)

Pneumonia-Influenza separation: 0.02 (weak discrimination)

Pneumonia-Common Cold separation: 0.25 (strong discrimination)

Coefficient of variation: 14.01%

Sup-i with Product ¢ —norm:

Influenza-Common Cold separation: 0.22 (strong discrimination)

Pneumonia-Influenza separation: 0.07 (moderate discrimination)

Pneumonia-Common Cold separation: 0.29 (strong discrimination)

Coefficient of variation: 16.26%

Inf-w; with Probabilistic Sum s —conorm:

Influenza-Common Cold separation: 0.03 (weak discrimination)

Pneumonia-Influenza separation: 0.10 (strong discrimination)

Pneumonia-Common Cold separation: 0.07 (moderate discrimination)

Coefficient of variation: 4.54%

From the resultant output uncertainties calculated in Table 1, it is evident that the Sup—i (Min) composition decreases uncertainty, the Sup—i (Product)
composition can either reduce or increase uncertainty, while the /nf—w; (ProbSum) composition consistently amplifies uncertainty. This aligns with the
composition's theoretical features.

4.5 Discussion on Computational Complexity

The introduction of generalized Sup—i and Inf—w; compositions within the ¢ — & framework incurs a predictable computational overhead
compared to the standard Max-Min composition. Max-Min: For relations of size |X| times |Y| and |Y]| times |Z|, the complexity is
O(|X|1Y11Z]), with each operation being a simple min and max on real numbers. Sup—i and Inf—w;: The complexity remains(|X||Y||Z]).
However, each pairwise operation is more expensive. Instead of a single min operation, it requires 4 multiplications and 3 additions for
the Sup—i composition with the product ¢t —norm (and similarly for the Inf—w; composition with s —conorm). The subsequent approximate
supremum/infimum operations on € — § numbers are comparable in cost to the standard max/min.
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This overhead is linear and manageable, as the number of basic arithmetic operations per element is still constant. The € — § formalism thus
provides a computationally feasible pathway for implementing these more expressive, higher-order fuzzy relational compositions, as
demonstrated by the practical computation of all composition types in the medical diagnosis example of this section without resorting to the
prohibitive costs of general Type-2 fuzzy set operations.

4.6 Clinical Implications and Practical Considerations

4.6.1 Concrete Clinical Impact: These compositions are effective in different medical situations:

For Emergency and Critical Care Situations, Sup—i with Product t —norm results is preferred as it results in moderate uncertainty changes.
It also reduces core values. So it is suitable in emergency and critical situations where a complete diagnosis is necessary.

For Screening and Primary Care, use Inf—w; with Probabilistic Sum. The composition results in high core values. It clearly separates
different diseases. These features make it perfect for a large population to identify more sick people. The high sensitivity minimizes the missed cases

For Chronic Disease Management, use Max-Min Composition. It gives low uncertainty. This is suitable for long-term diseases, where
continuous tracking is required.

4.6.2 Enhanced Clinical Decision Framework

Analysis (Tables 1 and 2) reveals three practical decision-making approaches.

1. Max-min composition is best suited for high-certainty approaches in routine diagnostics. It provides stable, reliable results with a maximum confidence
index and minimal growth in uncertainty [5]. For the patient P;, a clear diagnosis of pneumonia (0.90) with low uncertainty and a maximum confidence index
(0.78) is detected, with minimal growth in uncertainty.

2. Sup—i Product composition is more suitable in complex cases where careful diagnostics are required. Core values are reduced and the uncertainty range
increases, which results in low confidence level. For the patient P,, Sup—i product composition calculated a lower Pneumonia score than the other two methods.
It naturally produces more cautious estimates.

3. Inf—w; ProbSum composition is useful for sensitive situations, such as early detection and large-scale population diagnosis, by identifying the maximum
number of cases with clear differences between diseases. (0.10 separation as compared to 0.02 in max-min composition). It produces the highest core values, but
the uncertainty range is also very high, resulting in a lower confidence index.

4.6.3 Key Limitations and Validation

Our approach has some limitations.

1. Inf—w; composition yields a wide range of uncertainty. Careful clinical interpretation of fuzzy results is required.

2. The final decision rules must be reset. Each composition method needs its own diagnosis threshold, as each composition has different core values.
5. Conclusion and Future Work: This paper establishes a comprehensive theoretical and computational framework for Second Order Fuzzy
Relational Equations (SOFRES) using Sup—i and Inf—w; compositions within the efficient e — § formalism. Our contributions include:

1.  Definition of Sup—i and Inf—w; compositions for second order fuzzy relations;

2. Complete computational procedures for t —norms and s —conorms within [0,1];

3. Analysis of necessary algebraic properties with solvability conditions; and

4. A quantitatively verified numerical demonstration in medical diagnosis situation

The results reveal that these compositions offer semantically distinct, tunable modes of reasoning. The Sup— i composition provides a
conservative chaining of reasoning, which is suitable for applications that require risk-averse decision-making. The Inf—w; composition offers
an optimistic alternative that provides strong diagnostic discrimination but amplifies uncertainty, making it ideal for sensitive screening
applications where false negatives are a primary concern. The study extends the modeling flexibility of second order fuzzy calculus.

Future Research Directions

This article serves as a foundation for several research opportunities. This article will help in developing a complete solution for
SOFREs and reduce uncertainty in multistage /nf—w; compositions. Additionally, discovering various ¢ —norms and s —conorms within
& — 6 framework could produce compositions with specialized profiles to establish practical application guidelines.

The methodology presented in this paper serves as the basis for advanced systems that address multilayered uncertainty within a granular
computing framework [10]. This opens new opportunities for fuzzy relational calculus in complex, real-world applications with quantitatively
predictable behavior.

References

[1] Klir, G. J., & Yuan, B. (1995). Fuzzy Sets and Fuzzy Logic: Theory and Applications. Prentice Hall PTR.

[2] Sanchez, E. (1976). Resolution in composite fuzzy relation equations. Information and Control, 30(1), 38—48.https://doi.org/10.1016/S0019-
9958(76)90446-0

[3] Di Nola, A., Sessa, S., Pedrycz, W., & Sanchez, E. (1989). Fuzzy Relation Equations and Their Applications to Knowledge Engineering. Kluwer Academic
Publishers.

[4] Shakhatreh, M.A., & Qawasmeh, T.A. (2020). Associativity of max-min composition of three fuzzy relations. ltalian Journal of Pure and Applied
Mathematics, 44, 224-228.

[5] Bandler, W., & Kohout, L. J. (1980). Semantics of implication operators and fuzzy relational products. International Journal of Man-Machine Studies,
12(1), 89-116.https://doi.org/10.1016/S0020-7373(80)80055-1

[6] Zadeh, L. A. (1975). The concept of a linguistic variable and its application to approximate reasoning-1. Information Sciences, 8(3), 199—

249 https://doi.org/10.1016/0020-0255(75)90036-5

[7] Mendel, J. M., & John, R. 1. (2002). Type-2 fuzzy sets made simple. IEEE Transactions on Fuzzy Systems, 10(2), 117-127.10.1109/91.995115

[8] Bapat, M. S., & Yadav, S. N., (2017). Second Order Fuzzy Relations. Advances in Fuzzy Mathematics, 12(3), 693—713.

[9] Khedekar, M. D., Kamble, P. N., Yadav, S. N., Aher, S. J., & Boadh, R. (2022). Implementation of Second Order Fuzzy Relational Evaluation for the
Behaviour of Faculty Teaching Performance by Using Max-Min Composition: A Case Study. NeuroQuantology, 20(17), 1562-1572.
10.48047/NQ.2022.20.17.NQ880194

[10] Pedrycz, W. (2013). Granular Computing: Analysis and Design of Intelligent Systems. CRC Press.

[11] Peeva, K., & Kyosev, Y. (2004). Algorithm for solving max-product fuzzy relational equations. Soft Comput, 11(7), 593-
605.https://doi.org/10.1007/s00500-006-01

[12] Li, P, & Fang, S. C. (2008). On the resolution and optimization of a system of fuzzy relational equations with sup- T composition. Fuzzy Optimization
and Decision Making, 7(2), 169-214.10.1007/s10700-008-9029-y

[13] Xiong, Q., & Wang, X. (2013). Some properties of infinite fuzzy relational equations with sup—inf composition. /nformation Sciences, 252, 32—41
https://doi.org/10.1016/1.ins.2011.07.041

[14] Gulzar, M., Ashraf, S., & Kerre, E. E. (2024). Application of Complex Fuzzy Relational Compositions to Medical Diagnosis. Mathematics, 12(23),
3729. https://doi.org/10.3390/math 12233729

1286
https://mswmanagementj.com/


https://doi.org/10.1016/S0019-9958(76)90446-0
https://doi.org/10.1016/S0019-9958(76)90446-0
https://doi.org/10.1016/S0020-7373(80)80055-1
https://doi.org/10.1016/0020-0255(75)90036-5
https://doi.org/10.1109/91.995115
https://doi.org/10.1007/s00500-006-0103-5
https://doi.org/10.1007/s10700-008-9029-y
https://doi.org/10.1016/j.ins.2011.07.041
https://doi.org/10.3390/math12233729

